Bazele matematicii de liceu prin exercitii si probleme, clasa a XI-a

Problema 8: Si se calculeze urmitoarele limite:

a) 1m(x+x2); b) 1@0(—x—x2);
c) XIi%rpw(x—xz); d) Xlirﬂo(—x—x3);
e) 1m(x+2); f) xIiﬁrpm(—x+2);

9) limx*; h) lim X

Solutie partiala:

o —o0
0 o0

o) limx* = o0 ; h)limx*™ = 0;

X—0 X—>0

Problema 9: Si se calculeze urmitoarele limite:

) lim(1—x° +); b) lim (1-x°+x);
c) lim7 d) im0

. . 2
e) lim(2x+1) f) legg(x -1)
g) Iim(x2+2x—1) h) Iim(—x2+2x—1)
i) Iim(x3+2x—1) i Iim(—x3+2x—1)

Solutie partiala:

- 3 —1_ —1- H _y3 — I 3 — .
a)llerll(l X°+x)=1-1+1=1; b)XIme(l X*+X) le( X*)=c0;
Problema 10: Studiati existenta limitele urmatoare, si in caz
afirmativ, calculati limitele respective:

b) lim

X—0 7’ x—1 (X—1)2 '
o) lim = d) lim :

x—0 w3’ X—>1 1_X2 !
e) lim —; f) lim — ;

X—00 X X—>—00 X

X+1 . X+1

lim : h) lim :

g) x->1 1—2 3 )xa—ool_ZXs
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i lim X *L ) tim X *L
x>11—2x3 " x>-0]—2x%3 "
3 3
1 lim XL 1) lim XL,
x-1 1—2X x—>—0]1—2
. 3x+1 . x*—4x-1
m) lim n) li
x5 X —4 x—5 X—4
) lim 3x+1 ) lim 3x+1
X—oo X — x>—0 X —4
. 3x+1 . 3x+1
li r) lim
q) X—»00 X2 ) X—»—00 X2 -4
3+l 3 +1
s) li li
) X—>00 X2—4 §) anoXZ
3x*+1 3 +1
t) Ix—r>r2] XZ t) le—>2 4—X2
3+l 33+l
u) lim 5 lim 3
X—)Z(X_Z) x—2 (X—2)
Solutie partiala:
1 -1 1
w0 0 1 .
a) |"T(]—2:00; b)“rTll( )2 =—00; C) IIrT(}—3=, INsa trebuie sa
x—0 ¥ x=1 (v 1 x—0 X
gasim semnul lui 0. Facem tabelul de semne =
X | 0 S S
. 1-0 .o 10
= lim —=-wsi lim—=ow,
1 x=0  y x—0
i B A TR T x<0 x>0

1 ETIOIN
asadar —- nu are limitd in x = 0.
X

. 1
4 fim 1-x°




Bazele matematicii de liceu prin exercitii si probleme, clasa a XI-a

X -1 1
1 ++++++++++++++H+H++
1-x% | ------ O+++++++++40----
1
2| [++++++++++----
1 1
+0 — 0
lim s=0; lim——=-0 =3lim——:; e) IimiZ:O;
ile_X ;;{ll_x x>l ]1—X X—w X
1
T R
C) XI—I)rpooF:01
g) lim x+1 _1+1
-11-2x°  1-2 ’
. X+1
h) lim =0;
)H—wl—2x3
i) Tim +1 141
-11-2x3  1-2 ’
) fim X1 1.
on]-2x8 -2 2
X3+l 141
K)lim =——=-2;
)Hll—Zx 1-2

Problema 11: Studiati existenta limitele urmatoare, si in caz
afirmativ, calculati limitele respective:

a) IinEZX; b) |ing2x;

c) lim(-2)"; d) lim(-1)"
. 2\ . (2Y

e) lim| —=| ; f) lim| =

) x—m( 3} ) X—)w(Bj

g) lim1*; h) lim3*;

i) Iirp (—2)X; )i Iirp (—1)X
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. 2\
k) Xliﬂ(—gj )

m) lim 1*;

X—>—00

. (2Y
) J'Jl(gj

n) lim 3*;

X—>—0

Problema 12: Studiati existenta limitele urmatoare, i in caz

afirmativ, calculati limitele respective:

a) limlog, x;
x—1

c) limlog, x;
x—0
x>0

e) limlog, X;
X—00

g) limlog, x;
x—1

i) limlog, x;
x—0
x>0

K) limlog, X;

Solutie partiala:
a) Iin} log, x=0;

d)Iirrg)Iog1 X=00;

x>0 2

f) limlog, X =—x;
X—>00 =

b) limlog, x;
X—2
d) limlog, x
x—0 =
x>0 2
f) limlog, x
X—>0 =
2
h) limlog, x;
x—3
j) limlog, x
x—0 =
x>0 3

) limlog, x
X—>00 =

c)limlog, x=—x;
x—0
x>0

e)limlog, x =o;
X—>00

Problema 13: Studiati existenta limitele urmatoare, si in caz

afirmativ, calculati limitele respective:

a) limsinx
x—0

c) limsin x
xoZ
2

e) limsinx

X—>00

g) limsinx

X—>—0

b) limcos x
x—0

d) limcosx

L3
X—>=
2

f) limcos x

X—00

h) lim cos x

X—>—0
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i) lim tgx ) lim tgx
x—>7l2 x—>7l2
x<zl2 x> l2

K) lim ctgx ) limctgx
X—>0 X7
x>0 X<7m

m) limarctgx n) lim arctgx
X—>00 X——00

0) limarcctgx 0) lim arcctgx
X—>00 X—>—00

Problema 14: Studiati existenta limitele urmatoare, si in caz
afirmativ, calculati limitele respective:

a) lim 21X b) lim——
x=>0 X x=0 §IN X

0 Iimsin(ln X) d) firn SiN3X
-1 Inx x-0 5in5x

2

e) lim=> f) lim—22%
x=1 SIN 77X xZ 2X—1

) lim 2% h) lim 93X
x—0 tgx x—0 SN 5X
. __arctg3x . . arctg3x
lim—— lim——==

) x>0 sin5x ) x>0 tg5X
__arctg(x-2 . in®

Q) lim 279 (x~2) 1) lim—>n-X

X—2 x> —4

x>0 arcsin (xs)

Problema 15: Studiati existenta limitele urmatoare, si in caz

afirmativ, calculati limitele respective:

. Inx
a) lim—

X—>0 X

0 lim =
In(1+ x?
e tim "0+

X—0

In(x3 + x+1)

2Inx
2

b) lim

X—0 X

In(x3 + x+1)

f) Iim@

X—00 X

d) lim

X—0
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g) lim Intgx
wZ tgX

L4
X<—
2

. Inctgx
h) lim—<9
X0 CtgX

Problema 16: Studiati existenta limitele urmatoare, si in caz
afirmativ, calculati limitele respective:

e
a) lim—

X—o ¥

X3 x+1

e
c) lim—
x>0 X3 4 x°

XX+
e

e) lim
x>0 X% 4 X

X3 +x+1

g) lim

x>0 —2X% 4+ X

Inx
. €
b) lim—
x—» | X
3
ex +X+1
d) lim——
x>0 2% 4 X

ex S x4+l
f) lim
x>0 —X% 4 X

In(x +x+1)

h) lim

&
X—0o0 ( 1 )
In —
X +Xx+1

Problema 17: Studiati existenta limitele urmatoare, si in caz
afirmativ, calculati limitele respective:

a) lim 2 -1

x—0 X

c) lim2_—1
x—0  3x

Zsinx _1
e) lim—
x->0  §IN X

g) lim2 -
x—0 3* 1

f) lim

b) lim2——*

x—0 X

d) lim2—2
x>0 3x

25InX 1

x—0

h) ||m2 _1

x—0 3 _

Problema 18: Studiati existenta limitele urmatoare, si in caz
afirmativ, calculati limitele respective:

a) lim

x—0 X

In(1+X)

b) ||mM

x—0
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. Inx . Inx
lim—— d) |

o x—-1 )i x? -1

0 Iimln(1?LS|n X) f) IimIn(1+sm X)
x—0 SIN X x—0 X

In(1+In(si

0 IimIn(1+ln X) ) lim n(1+ n.(sm X))

-1 Inx ot In(sinx)

Problema 19: Studiati existenta limitele urmatoare, si in caz
afirmativ, calculati limitele respective:

3 5
2 Iim(1+ x) -1 b) Iim(1+In x) -1
x—0 X x—1 In x
(1+Inx) -1 (LX) -1
o) fim =2 o) lim———~—
2 2
1+3) -1 1+37) -1
e) |im% f) Iim%
2 2
1+34) -1 5(1+37*) -5
9) Iirp% h) lim 1+ _X)

Problema 20: Studiati existenta limitele urmatoare, si in caz
afirmativ, calculati limitele respective:

1 _ 1
a) legg(1+ X)X b) legg(1+3x)x,
- (x+1)* . x ¥
c) lim| —=| ; d) lim| — | ;
X—>00 X x—o\ X471
X 1
¢y tim| X +1) ) lim(L+sinx)s ;
X—>0 \/; x—0
1 1
. [ 25430 (25434
9) L'_rfg > ] ; h) Ix‘HJ[T] ;

Problema 21: Calculati limitele urmatoare in cazul co—oo :

7
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a) Iim(\/m—x) b) Iim(\/ﬁ— X2+ )

X—>00 X—0

¢) lim(3"-5) d) lim(3"-x)
e) lim(Inx—x) f) lim(In(x+1)-Inx)
9) Iim(\3/x3+1—\/x2+1) h) Iim( X+1-2x +/x+ )
Problema 22: Calculati limitele urmatoare in cazul it
(0 0]
3
a) lim 5X* +XxX+2 b) lim X+2
X—>00 X +Xx-1 X—>00 X2+X—
In(1+3"
&) lim XN d Iim(—
x> X2 —In X = In (1+ 4"
3 L <
e) lim lim
) x>0 4% +1 " x> 4% 4 2%
g) lim X+2 hy li 4x

Problema 23: Calculati limitele urmatoare in cazul —

_ x*-1 x* -1
a) lim b I|m
) x—1 )(2 -1 ) x>l x—1
. Si . sin(tg5
c “msm2x d) Ilmw
x-0 tg5X x>0 sin(sin 3x)
In(1+2x X_ X
e Iimg f) I|m4 2
x—0 thX x—0 X
g) lim 33X hy lim 93X
x->7 Sin 4X x-2 SIN4X
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\/1+x—\/1—x JX+8-3
i) lim————— j) lim———
x—0 X Xx—1 ,X-+ 2

Problema 24: Calculati limitele urmatoare in cazul 0-o0, 00-0:

1

a) Iimx-In(lJrlj b) Iim(x+1)-(3X+2 —1]

X—00 X X—00
C) Iimx-sinl d) Iimx-ctg1

X—0 X x—0 X
e) limx-[In(x+1)—In(x-1)] f) Iimx-[«/x+1—\/ﬂ

1 1 1

0) Iimx~[2X —1} h) lim xz{eX —ex+1}
Problema 25: Calculati limitele urmatoare in cazul 17:

. 2 . 2
a) leLrg(1+3x)x, b) leirg(l—Bx)x,

1 3
c) legg(cos\/;)x; d) legg(Z—cosx)Ax :
1 sinx

0 IIm(sm x] ’ H lim (sm xjx smx;

x—0 X x—0 X

1

. COSX ) . g™

lim . h)lim(7-2x)"6 ;
)1 ) (729

Problema 26: Calculati limitele urmitoare in cazul 0°;0%;0°

H X . - - X
a) leirgx , b) leLrg(sm X)
x>0 x>0
1
c) limx™*; d) limx¥
;;60 X—>00
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X—>00 X—00

e) Iim(ljx; f) lim x%;
X

1 1Y
g) limx*; h) I|m( j ;
'y oo \ X

Problema 27. Calculati urmatoarele limite:

a) lim sin2x b) lim sin2x
x>0 §in3x x->7 5in 3X

tg(2(x-1 —
o lim g(2(x )) 0 tim arcswzl(x 2);
=1tg(3(x-1)) 2 X -4

Xt — 27 211

e)lim—————; f)lim ;
)HS arctg (x—3) e x? -1

g) lim Inx
x>1]— X

Solutie partiala:

. sin2x  3x 2
a)lim

x>0 2X  sin3x 3

.osin2(t+x
SIN2Xy _ o iy SN2 7)

h)Iimx-sinl;
x—0 X

b) lim
x=>7 Sin 3X

_”mS|n2t-00327z+0052t-sin27r_"m sin2t
t-0 sin3t-cos3z +cos3t-sin3z 0 —sin3t

sin2t 3t 2 2

=0 2t sin3t -3 3
tg(2(x-1)) g2 tg2t 3t 2

lim—— )y _1=tlim e = =
e B0 =gz % 2t @A 3
0 Imarcsm(x—Z). X—2 _lim 1 1.

-2 X2 (x=2)(x+2) 2 xt2 4

10
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(x—3)(x2 +3x+9)
>3 arctg (x—3)

= IXiLrsl(x2+3x+9):27;

x-1
Alim2——1. X1 _jimn2.—t —lno;
ot x=1 (x=1)(x+1) x>t Xx+1 2
9 lim "% ¢ x-gtim D A+
x->11—X t—0 1—(l+t) t>0 —2t —t
i@ 11
ot -2t 2

. .1 .. T S
h)limxsin==0 caci x — Oiar sin— marginit.
x—0 X X

Problema 28. Calculati urmatoarele limite:

2—Jx-3

a)lim ; b) lim

¢) lim x(\/4x2 +7 +2x) : d) lim x3£

X—>—0 X—>—0

1

e)lim (1+In(1+X)+In(1+2x) +....+In (L+nx))*, x>0;

. . X-e X
Hlimx(In(1l+x)=Inx); lim :
)X—>oo ( ( ) ) g)§?o° thX
) 1
o 1 X°-Cos—
h)lim ——; i)lim——=
x=0 sin* X x>0 sin X
. s | .
) IX'L2(7_2X) ; k) lm[cos—

In(l+x+x2)+ln(1—x+x2)_

X2 ’

.
) iy

11

1
— 4
-7 x?—49 Xﬁl(x—l 1-x°

27X

)

X+

3

ex _exi

J

)

2
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m)Iim[%—ctgzxj; n) lim (;sj?x) ;
1;60 X x—0 X
Solutie partiala:
(2-Vx=3)(2+x-3) hex43
a)l =lim =lim
ST (=T ) (244X =8) T (x=T)(x+T) (24— )

=lim -1 -1 :_i-
“7(x+7)(2+«/ 3) 14(2+2) 56

: 1 3 . 1+x+x*-3
b) lim — =1lim =
x>1 x—1 (x—l)(1+x+x2) XL (x—l)(x2+x+1)
X2 +Xx-2 _ (x=D(x+2) X+2

lim = lim _lim_X*t2 _3_
X—>1(x—1)(x2+x+1) X—>1(x—1)(x2+x+1) I+ x+1 3

c) lim x(«/4x2 +7 +2x).Noténd X=t=
2 42

| = lim— t(x/4t +7 2t) _p AT
to VAP +7 +2t

. Tt 7
=lim- -

t—o0 Z,
t( 4+72+2]
t
R 41
d) lim x* (ex —e”l)t:—xlim(—t)s[e‘ —el—tj:
X—>—0 =t
1

) s ENNES . 1 att) -1 1
=lim=t3.ett.| et -t _1|=lim-t3.e!t £ . _
- T e

t(t-1)

12
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e)l =lim (1+ In(@+ x)@+2x)...L+ nx))% =
o)

:Ugg{(lﬂn(f(x))f(lx)} “ | unde

o f00

£(X) = IN(L+ X)L+ 2X)...A+NX) = | =™ x .
Fie 1, ~ lim 1) (X) _lim (In(1+x)+In(1+2x)+___+ln(1+n><)j:

x—0

X X X
_ Iirn[In(lJr x) N In(L+ 2x) - In(L+ nx) .nJ _

x—0 X 2X nx
=1+2+..+n= n(n+1) =l=e 2

) |imx-|n1+—X=|im|n(1+5j —lne=1;
X—>00 X

X X—>00
1 -1

xe x ) ex 1 et
)Ilrrg 5 :Iirrol[—J- .Notém—=t:>I:IimT:
o g x o tgx X X t—0

t

=lim—=0;
t—)ooe

e* -1 x Y
hilim——=lim——| — | =1;
->05in®x x>0 X sin x

- 1 . 1 . . 1
i)lim| — |-x-cos==Ilimx-cos==0 caci X — 0 iarcos— e
x>0\ sin x X x20 X X

marginit .

13
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j) lim(7 ~2x)"¢ . Notand t=x-3=

I = lim (7 - 2(t +3)573) - m(l_gt)tg[’é[’é]] _

t
1

1 —2t-ctg 7% !Lng—?_t-tg(_ﬂ)
:Iing @+ (-2t))= =e 6) =¢gh,
t—

st

=2 .5 12 ©

I ,=Ilim ! =li L~£-2t=—:>lze”.

t—0 _t lt t—>0t 7zt 7t VA

6 6

. 2%\ 2 . .
K) lim cosi . Deoarece —”X—>27r larcos2z =1, suntemin
X% Xx+1 X+1

cazul 1”. Folosind cos(27z—t):cost:cos@:cos(Z;r—@j:

x+1 x+1
27X+ 27 — 27X 27
=c =CO0S
Xx+1 X+1
) 27 < . . 2= "
I =lim|1+cos——-1] =Ilim|1-2sin *1 | =
X—>0 X+1 X—>00
1 (~2sin? - ).x2
=lim (1+(—25in2ijj_25i”2x+1 =e" . Calculim
X0 x+1

2

sin—1 I

- 2

|, = lim—2| — 2% ( j X =2t ==
X % X+1

X+1
Obs: S-a folosit cos2t =1—2sin?t.

14
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In(1+x+x2)+ln(1—x+x2) -

1) lim :
x—0 X
2
:“mln<(l+x+x22(1—x+x2)):"mln((1+x22) —xz):
x—0 X x—0 X
o1 XT) et
= lim (X2+X4 ) x ;X =lim1(1+x*) =1

Obs: Trebuie evitate greselile de tipul :
IN(1+x+3) xyx2 IN(1=x+X*) _xyx2
. + .

I =lim

x—>0 X+ X2 X2 —X+ X? NG
. (1+x -1+Xx . 1+ x-1+x
= Ilm[— + =lim—————— =2, fals deoarece am trecut
x—0 X X x—0 X

,partial” la limita .

Problema 29: Determinati constantele a,b € R ce apar in limitele
urmatoare pentru a obtine rezultatele cerute :

. AXx*+3x+a-b 5
a) lim 5 =—
x—1 X“+X=2 18

b) lim (s'/sxtax2 —bx+2):l;

X—>—0

) bx )"
c)lim| a+ =e?;
) ( X 1)

X—00

ax®
d)lim & —S0% _ 3
x—0 X 2
Solutie partiala:

J4d+a-b

: 5
a)l =———— ,iar pentru ca | = — este necesar ca
0 18

15
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Jh+a=b<b>0sia+d=b?
X2 +3x+b?—4—D
I =lim =
~TET Cy(xr2)
i X% +3x+b?—4—p?
o1y 1)(x+2)(«/x T+ 3x+b7 - 4+b)

_lim X* +3x—4
= (x—1)(X+ 2)(IXE + B+ D A +b)

_lim (x=1)(x+4)
Sl (x—D)(x+ 2) (X2 +3x+b2—4 +b)

_lim X+4 5 5
1 (x+2) (X2 +3x+b?—4+b) 3(Jo?+b) 6

Dar, I:%<:>6b:18c>b:3si a=>5.

Se verifica apoi ca pentru a=5 si b=3 limita este cea ceruta.

b) lim («3/8x3—ax2 —bx)=1—2 . Notim t=—x <

X—>—0

o |im(bt+%/—8t3 —at? ) e Iim(bt _3fat® +at? ) _ 1,

t—oo t—o0

Dar, | :!imt[b—,3f8+%J:oo(b—2). Pentruca | e R trebuie ca

b=2 . altfel | =400 . Decib=2 = !im(zt—é/sﬁ +at? ) S PN

8> —8t° -
lim
oo 412 1 2138t + at? +\/(8t +at)

< lim

t—o 4+4+4
t? 4+23/8+ +3 8+

16
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a=12 . Asadar , conditii necesare sunt a=12 ; b=2 . Se verifica

apoi ca lim (38x3—12x2 —2x)=—1:> a=12 ; b=2 sunt suficiente.

X——00

C) Iim(a+

X—»00 2

bx J =e2. Deoarece E—Xl —0,VbeR, trebuie ca
X

a* —e®.Pentru a<—1=>nu3 limita, pentru ac(-11)=1=0,
pentru a>1= 1 =o0.Singurul caz posibil este a=1, deci am obtinut

o conditie necesara. | =lim
X—0
. bx?
I, =lim—
X—0 X _1

sunt conditii suficiente.

1+

=b =l=¢e"=e’><=b=2.Se verifica a=1,b=2

2
[ e™ -1 1-cos x
d)Izlxlgg[ o -a+ v
2
sinX
- 2
. x° 1
—a+lim2.| —2 —_——
x—0 4 X

Problema 30: Calculati

2
. 7 —CO0SsX
a) lim———=

x—0 X

c) Iim( m
x-1\ 1= x™

—Lj,m,neN*
1-x"
1

. [2X+3X+4ij
e) lim| =—— ==

X—0 3

J:a+ﬁm 5
x—0 X

bx
K1 (21

bx jbx
X2 -1

=e" unde

X

L2
2sin 2

at+—=—=a=1
. 1-c0sXC0S2X....C0S NX .
b) lim > ,neN
x>0 X
1 1
d) lim x3| ex —ex1
X—>—00
1
o (1+x)x—e
f) ImQ
x—0 X

17
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Problema 31: Calculati

. 1
a) limxsin=
x—0 X

e)lim
" arctg = -arctg
X

X+1

g) lim 1—cos(r)1(?rcsm n) neN

x—0

Problema 32: Calculati

X3

. e
a) lim—;
x-0 5in® X

- tgix
c) IX|L2(7—2x) 6

X
; sin)( X—=sin X
e) lim| —
x—0 X

. (1 )
9) lem(?—ctg x]

x>0

18

h) Iim(x—x2 In

1+_Xj
X
b) Iim(sin X+1-sin \/;)

d) lim 21X

X—>7 X

1
X C0S—
X

sin X

0 i
tg(ax) —sin(ax)
x-0 tg(bx) —sin(bx)

1-x

b) |im(—1+xj“’7
x>0\ 24X

d) Iim(cos%j
X X+1

2

1
f) lim

— —arcigx
X—0 2 g

h) "mm,new

X—0 Xn+2

eR
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